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We derive analitycally a partial diagonalization of the Hamiltonian representing a quantum dot
including spin-orbit interaction and Zeeman energy on an equal footing. It is shown that the
interplay between these two terms results in a renormalization of the spin-orbit intensity. The
relation between this feature and experimental observations on conductance fluctuations is discussed,
finding a good agreement between the model predictions and the experimental behavior.
PACS numbers: PACS 73.21.La, 73.21.-b
In recent years, the physics concercing the spin of elec-
trons has become a widely studied subject in the context
of semiconductor physics. The fundamental physics in-
volved and the possibility of future technological appli-
cations motivate this research [1, 2, 3, 4, 5, 6].
In particular, the role of the spin in low-dimensional
semiconductor structures, like quantum dots, is espe-
cially attractive because of the ability to control the
relevant parameters of the nanostructures available at
present. Thus, allowing for the knowledge of the inter-
actions governing the spin dynamics within these struc-
tures.
Among the interactions concerning the spin, a rele-
vant intrinsic interaction in non-magnetic semiconduc-
tors is the spin-orbit coupling, which has been extensively
studied in the context of quantum dots [7, 8, 9, 10, 11].
This interaction stems from the relativistic correction to
the electronic motion. The electric fields present in the
semiconductor are felt by the electrons in their intrin-
sic reference frame as a spin-dependent magnetic field,
whose intensity depends on the momentum of the parti-
cle. Depending on the origin of the electric field there are
distinguished two sources of spin-orbit coupling: the lack
of inversion symmetry in a bulk semiconductor originates
the so-called Dresselhaus term [12], whereas the asymme-
try of the potential confining the two-dimensional elec-
tron gas of a heterostructure is the responsible of the
Bychkov-Rashba interaction [13].
The other spin-dependent interaction of relevance for
the purposes of this letter is the Zeeman interaction, aris-
ing from the direct coupling with an applied magnetic
field of the intrinsic magnetic moment associated with
the spin.
It is the aim of this letter to treat, in an analytical way,
the correlation between Zeeman and spin-orbit interac-
tions in a quantum dot, which leads to an amplification
of the spin-orbit effects.
Analytical expressions for the level structure of quan-
tum dots with spin-orbit couping, obtained through per-
turbation theory, already exist in the literature [8, 14].
However, these calculations rely on a regime differen-
tiation where the energy scale associated with Zeeman
interaction is much bigger than that corresponding to
the spin-orbit coupling or vice versa. In a recent letter,
Aleiner and Fal’ko [15] introduced a method that takes
advantadge of the relative weakness of the spin-orbit in-
teraction in order to treat analitically this interaction in
quantum dots. The method consists in the application of
a proper unitary transformation to the Hamiltonian that
diagonalizes its spin-dependence to second order in the
spin-orbit intensities (higher order corrections are negli-
gible because of the implicit weakness of the spin-orbit in-
teraction). It is shown that, in the transformed reference
frame, the spin-orbit interaction can be interpreted to
produce an spin-dependent Aharanov-Bohm flux. Nev-
ertheless, this procedure involves, exclusively, the diag-
onalization of the spin-orbit terms, without taking into
account the correlation of these terms with the Zeeman
interaction.
In order to characterize the system under study, we
consider the motion of the electrons to be restricted to
the two-dimensional confining region of a quantum well.
In contrast to the approach of Aleiner and Fal’ko, which
was valid for any lateral confining potential, it is needed
to specify the coordinate-dependence of the in-plane po-
tential in order to treat the spin-orbit coupling and the
Zeeman interaction simultaneously. For this purpose, we
shall use a harmonic oscillator potential.
V (x, y) =
1
2
m∗ω20(x
2 + y2) (1)
where m∗ represents the electronic effective mass in
the conduction band and ω0 is the natural frequency of
the potential, that provides a measure of the energy scale
and the size of the system.
We also include the effect of a magnetic field oriented
perpendicular to the plane of the quantum well, conse-
quently, orbital in-plane motion will be affected by this
applied field. The orbital role of the magnetic field is
taken into account through the vector potential- depen-
dence of the generalized momentum ~P = ~p + e
c
~A where
~A = B2 (−y, x, 0) is the vector potential in the symmet-
ric gauge. In this way, the spin-independent part of the
Hamiltonian reads,
H0 =
1
2m∗
(P 2x + P
2
y ) +
1
2
m∗ω20(x
2 + y2) (2)
2Zeeman interaction corresponding to the vertical mag-
netic field and spin-orbit coupling constitute the spin-
dependent part of the Hamiltonian. For simplicity, we
shall consider here only the Bychkov-Rashba term,
Hz =
1
2
g∗µBBσz =
εz
2
σz (3)
HR =
λR
~
(Pyσx − Pxσy) (4)
H = H0 +HR +Hz (5)
where g∗ represents the effective gyromagnetic factor,
µB is the Bohr’s magneton, λR the zero-field Bychkov-
Rashba intensity and the different σ’s represent the Pauli
matrices.
To achieve the diagonalization of the above Hamilto-
nian we use an approach similar to that introduced by
Aleiner and Fal’ko [15]. By means of an unitary trans-
formation, the Hamiltonian is diagonalized in spin space
up to second order in the spin-orbit and Zeeman param-
eters. It is important to mention that the energy scale
corresponding to the spin-orbit and Zeeman interactions
must be much smaller than that corresponding to the
spin-independent Hamiltonian (H0 ≫ HR,Hz), in order
to neglect high order terms introduced by the unitary
transformation. Nevertheless, no restriction is imposed
to the relative importance of the two spin-dependent in-
teractions, i.e., under the assumption of spin-dependent
effects to be much smaller than spin-independent ones,
the relative weight between Zeeman and spin-orbit inter-
actions becomes irrelevant in what concerns to the suit-
ability of the method.
The Hamiltonian in the transformed reference frame is
given by
H′ = U†HU , U = e−iβOˆ (6)
The explicit dependence on coordinates and momenta of
the unitary transformation reads,
Oˆ =
(
Px −
~m∗ω20
εz
y
)
σx +
(
Py +
~m∗ω20
εz
x
)
σy (7)
and,
β = −
λR
~
εz
(~ω0)2 + (~ωc)εz − ε2z
(8)
All the parameters in these formulas have been pre-
viously introduced except the cyclotron frequency ωc =
eB/m∗c which quantifies the effect of the vertical mag-
netic field in the orbital motion of the electrons.
We expand the transformed Hamiltonian given by Eq.
6 up to second order in ’β’ using the Baker-Haussdorf
lemma,
H′ = H + iβ
[
Oˆ,H
]
−
β2
2
[
Oˆ,
[
Oˆ,H
]]
+ o(β3) (9)
The resulting Hamiltonian is diagonal in spin space if
the smaller terms o(β3) are neglected,
H′ ≈
1
2m∗
(
1−
2λ2R
m∗
~2
εz
(~ω0)2 + (~ωc)εz − ε2z
σz
)
(P 2x + P
2
y ) +
+
1
2
m∗ω20(x
2 + y2)− λ2R
m∗
~2
(
1−
ε2z
(~ω0)2 + (~ωc)εz
)−1
+
+
εz
2
σz − λ
2
R
m∗
~3
(
1 +
εz(~ωc − εz)
(~ω0)2
)−1
(xPy − yPx)σz
(10)
Note that, the above transformed Hamiltonian can be
straightforwardly solved for the two spin eigenstates (in
the intrinsic frame) by comparison with the well-known
two-dimensional harmonic oscillator problem, responsi-
ble of the Fock-Darwin levels.
A first glance at the result of Eq. 10 shows that, in the
transformed frame, the full Hamiltonian is diagonal in
the spin basis where the Zeeman term was already diago-
nal, the σz-basis. Then, it could result quite surprising to
include the Zeeman parameter in the unitary transforma-
tion if the Zeeman interaction was already diagonal in the
final spin basis. However, note that the present approach
contains rather subtle aspects: the unitary transforma-
tion given by Eqs. 6,7, 8, apart of the spin-orbit term
, also diagonalizes crossed terms that depend both on
spin-orbit and Zeeman parameters; thus, containing the
interplay between these two interactions (Zeeman term
is already diagonal).
Let us take a especial care in the understanding of the
term
−λ2R
m∗
~3
1
1 + εz(~ωc−εz)(~ω0)2
(xPy − yPx)σz (11)
that appears in the transformed Hamiltonian. Follow-
ing the approach of Aleiner and Fal’ko for a parabolic dot
[16] the correction introduced by spin-orbit interaction is
given by
−λ2R
m∗
~3
(xPy − yPx)σz (12)
Note that, both terms are very similar and the only
difference between them is the value of their intensity.
This means that, when the interplay between Zeeman
energy and spin-orbit coupling is considered, the effective
intensity of the spin-orbit interaction actually depends on
the magnetic field.
λ2eff =
λ2R
1 + εz(~ωc−εz)(~ω0)2
(13)
Both orbital and magnetic terms, represented by the
cyclotron frequency and the Zeeman parameter respec-
tively, grow linearly with the magnitude of the applied
field. The relative smallness of the effective gyromagnetic
3factor in certain materials, such as GaAs or AlGaAs, sup-
poses that the energy associated to the orbital magnetic
term is always much bigger than the corresponding to
the Zeeman energy (εz ≪ ~ωc). Therefore, Eq. 13 can
be approximated without significant error by:
λ2eff =
λ2R
1 + ~ωcεz(~ω0)2
(14)
The product between Zeeman parameter and the cy-
clotron frequency appears as the main parameter deter-
mining the effective intensity of the spin-orbit coupling
in the dot. It is important to note that the sign of the
gyromagnetic factor determines if the effective spin-orbit
intensity is enhanced or reduced as the applied magnetic
field is increased, thus, providing a quantity whose ef-
fects can be measured and that reflects unambiguously
the sign of ’g∗’.
Despite of the cyclotron frequency appears in the effec-
tive intensity given by Eq. 13, its origin is a consequence
the Zeeman interaction. If Zeeman energy is set to zero,
the orbital magnetic terms do not modify the spin-orbit
intensity. However, if we supress the orbital effects of the
magnetic field by setting the cyclotron frequency to zero;
thus, only conserving the Zeeman term, there is still an
effective modification of the spin-orbit intensity.
λ′eff =
λR√
1− ( εz
~ω0
)2
(15)
This result can be interpreted as a renormalization of
the spin-orbit intensity induced by its correlation with
the Zeeman interaction.
It is important to note that, in this case, the B-
evolution of the effective intensity is much less pro-
nounced than that given by Eq. 14 due to the bigger
B-dependence of the cyclotron frequency stated before.
Note also that the confining potential plays a relevant
role in the amplification of the effective spin-orbit inten-
sity, since the relative weight between Zeeman energy and
the confinement’s energy quantum determines its varia-
tion respect to the zero-field value ’λR’. In the limit
of strong confinement (εz ≪ ~ω0) the effect vanishes,
whereas in the opposite limit of weak confinement, the
enhancement of the effective intensity becomes bigger as
the confining potential is softened. Simultaneously, as
the ratio between ’εz’ and ’~ω0’ is increased, the ap-
proach loses its applicability, since the main hypothesis
formulated was the orbital energy scale to be much bigger
than that corresponding to the spin-dependent interac-
tions. The only weak confined systems (~ω0 ≤ εz) which
can be treated within this model are those where a sig-
nificant orbital magnetic effect is present (~ωc ≫ εz).
In this case, the bulk limit corresponding to the Landau
levels in the presence of spin-orbit coupling can even be
explored, finding a good approximate expression for a
problem that actually can be solved exactly [17].
The amplification of the spin-orbit intensity due to the
Zeeman effect given by Eq. 15 is relevant in the de-
termination of the properties corresponding to the level
structure of the dots. In this sense, conductance fluctua-
tions present in the transport through the dots is a very
valuable tool in order to extract information about their
spectrum [18, 19, 20, 21, 22, 23].
Recently, Folk et al. [18] reported experimental data
on the conductance fluctuations corresponding to open
lateral quantum dots created in a GaAs/AlGaAs het-
erostructure. They found that the conductance fluctu-
ations were suppressed as the magnitude of an applied
horizontal magnetic field was increased. These results
could be explained if spin-orbit coupling was enhanced
by the application of the horizontal field [18, 19].
The result given in Eq. 15 is in agreement with these
experimental observations, since an increase in the Zee-
man energy enhances also the effective value of the spin-
orbit intensity. Furthermore, despite of the parabolic po-
tential is a crude approximation for the confining poten-
tial of the dots used by Folk et al., Eq. 15 qualitatively
describes the experimental dependence on the size of the
system. It was reported that the biggest dots showed a
larger suppression of the conductance fluctuations, up to
a factor of suppression∼ 4, and a factor∼ 2 for the small-
est ones. The value of this factor of suppression depends
on the degree of enhancement of the spin-orbit coupling
with the applied field [19]. Note, from Eq. 15, that the
effective spin-orbit intensity also depends on the size of
the system through the parameter ω0. Bigger dots, char-
acterized by a smaller confining frequencies (ω0), would
show a bigger enhancement of spin-orbit coupling, for a
given Zeeman energy, than smaller dots, characterized
by a bigger frequency. Therefore, the model states that
larger dots are susceptible to suffer a higher suppression
of conductance fluctuations in agreement with the exper-
imental behavior.
As cited before, the validity of the model is conditioned
to the relative weakness of spin-dependent interactions
respect to the potential and kinetic terms. Nevertheless,
taking advantadge of the explicit expression correspond-
ing to the unitary transformation a more precise criterion
of validity can be established for the model. Note that,
the truncated expansion of the transformed Hamiltonian
is consistent when the operator responsible of the trans-
formation satisfies the condition,
βOˆ ≪ 1 (16)
In practice, the model is valid up to the range delimited
by βOˆ ∼ 0.15 . The above inequality, in fact, implies two
conditions to be simultaneously fulfilled,∣∣∣∣λRεz~ 1(~ω0)2 + (~ωc)εz − ε2z Pi
∣∣∣∣≪ 1∣∣∣∣λRm∗~2 (~ω0)
2
(~ω0)2 + (~ωc)εz − ε2z
xi
∣∣∣∣≪ 1 (17)
where ’Pi’ and ’xi’ represent characteristic values of the
4electronic momentum and the dimensions of the dot, re-
spectively. The second condition represents the require-
ment of weakness for the zero-field spin-orbit intensity
analogously to ref. 15. Meanwhile, the first condition
concerns the range of validity for the Zeeman energy.
Note that, there appears the product between the Zee-
man parameter and the zero-field spin-orbit intensity;
therefore, depending on the smallness of the zero-field
spin-orbit intensity, the range of validity for the Zeeman
parameter could become shorter or larger.
In summary, we have accounted analytically for the
interplay between spin-orbit coupling and Zeeman inter-
action in a quantum dot model. We have shown that this
interplay induces an effective renormalization of the spin-
orbit intensity leading to an amplification of the spin-
orbit effects as the Zeeman energy is increased. Criteri-
ons for the validity of the model have been established.
Comparing these theoretical results with experimental
observations on lateral GaAs/AlGaAs dots, we find that
the model contains some features reveled by the experi-
ments.
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